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Abstract 

Given a compact symplectic toric manifold (M, we identify a 

class DGKJ, (M) of T-invariant generalized Kahler structures for which a 
generalisation the Abreu-Guillemin theory of toric Kahler metrics holds. 
Specifically, elements of DGK^{M) are characterized by the data of a 
strictly convex function r on the moment polytope associated to (M, uo, T) 
via the Delzant theorem, and an antisymmetric matrix C. For a given C, 
it is shown that a toric Kahler structure on M can be explicitly deformed 
to a non-Kahler element of DGK^{M) by adding a small multiple of 
C. This constitutes an explicit realization of a recent unobstructedness 
theorem of R. Goto where the choice of a matrix C corresponds to 

choosing a holomorphic Poisson structure. Adapting methods from S. K. 
Donaldson |13 |. we compute the moment map for the action of Ham(M, to) 
on DGK^{M). The result introduces a natural notion of "generalized 
Hermitian scalar curvature". In dimension 4, we find an expression for 
this generalized Hermitian scalar curvature in terms of the underlying bi- 
Hermitian structure in the sense of Apostolov-Gauduchon-Grantcharov 
0 . 

1 Introduction 

This paper is concerned with the theory of generalized Kahler structures as 
defined and studied by M. Gualtieri in [23] in the context of N. Hitchin’s [30] 
generalized complex geometry. Our goal is to identify a natural notion of scalar 
curvature for a generalized Kahler structure. The approach we use to study this 
problem draws from the following three ingredients. 

(1) The first concerns the interpretation of the scalar curvature as a moment 
map. Given a compact symplectic 2m-manifold (M, w), the space AK^{M) of 
w-compatible almost complex structures on M is a Frechet manifold endowed 
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with a natural formal Kahler structure. A. Fujiki and S. K. Donaldson oberved 
that the group Ham(M, w) of hamiltonian diffeomorphisms acts on AAr^(M) 
in a hamiltonian fashion, and that the moment map can be identified with 
the Hermitian scalar curvature uj of the almost Hermitian structure (w, J) as 
follows. Recall that uj is defined as 

wj =-, (1) 

where p is the real curvature 2-form of the hermitian connection induced on the 
anticanonical bundle of (M, J) by the Chern connection of (w, J). 

Theorem 1 1 |161 [T^l. Let C^{M) be the space of smooth functions on M 
with zero mean, identified to the Lie algebra w) via the Poisson bracket. 

Then the expression 

f ( J™ 

z./(J) := - / fuj— (2) 

Jm rn\ 

is the moment map for the natural action o/Ham(M, w) on AK,^(M). 


The reader can consult m for a detailed proof. 

(2) The second ingredient is the computation by S. K. Donaldson of this mo¬ 
ment map in the context of the Abreu-Guillemin theory of toric Kahler metrics. 
Let (M, w,T) be a symplectic toric 2m-manifold with moment map /r : M —t* 
and let K'^{M) be the subspace of T-invariant w-compatible complex structures. 
In his seminal work on toric Kahler structures, V. Guillemin discovered that the 
elements J € K^[M) can be described, up to T-invariant biolomorphisms, in 
terms of convex functions on the interior of the moment polytope A for (M, w, T) 
as follows. 

Theorem 2 f|26|L For any J G K^(M) and any given choice of basis (^i,..., ^m) 
oft, there exists momentum-angle coordinates on M such that 

m 

UJ = ^ dp,^ A dP 

i=i 

and J is of the anti-diagonal form 

d d 

where t = r(/i^,...,/i™) is a strictly convex smooth function defined on A. 
Conversely, for any smooth strictly convex function t on A, formula defines 
an element of 


For this reason, the function r is often referred to as the symplectic potential 
of J in the literature m- In El, M. Abreu discovered that the scalar curvature 
uj of the Riemannian metric associated to J G K'^{M) is given by the formula 


^ dp^dpP 


(4) 
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Here, = (Hess(r) ^)ij. Equation (|3]) is commonly known as Abreu’s for¬ 
mula. S. K. Donaldson m observed that Theorem [T] combined with the descrip¬ 
tion (O of elements in K^{M) gives an alternative way for deriving ([5]), by di¬ 
rectly showing that Q computes the moment map for the action of Ham^(M, w) 
on K^[M). This observation suggested a similar form for the Hermitian scalar 
curvature of elements in AK^{M) which has been checked directly by M. Lejmi 

ESI- 

(3) The third ingredient is the notion of generalized Kahler strncture of sym- 
plectic type and their realization as w-tamed complex structures. Recall that a 
generalized almost complex structure on a smooth 2m-manifold M is a complex 
structures ff on the vector bundle TM 0T*M which is orthogonal with respect 
to the natural inner product (X © ^, F 0 ry) = 0 rj^X)). A general¬ 

ized complex structure is a generalized almost complex structure satisfying the 
integrability condition 

[JU, JV]c - J[JU, R]c - J[U, JV]c - [U, R]c = 0 
with respect to the Courant bracket 

[X © ^, F © rile = [X, F] + CxV — C-yS, — ■^d{LxV — I'yO- 

Denote by GAC{M) and GC{M) the sets of generalized almost complex and 
generalized complex structures on M respectively. For example |23| . if w is a 
symplectic form on M, then : X©^ i—>■ —u;“^(^)©w(X) defines an element of 
GG{M). Following [53], a generalized almost Kahler structnre on M is defined 
as a pair of elements of GAG{M) such that 

(1) J 1 J 2 = J 2 J\ 

( 2 ) > 0 . 

On a symplectic manifold we thus introduce the spaces GAKcj{M), 

GKuj{M) of generalized almost Kahler (resp. generalized Kahler) structures of 
symplectic type. These are defined by 

GAK^{M) = {je GAG{M) \ = JJ^, > 0}, 

GK^{M) = GAK^{M) O GC{M). 

As a trivial example, if (J, w) is a genuine Kahler structure on M, then Jj G 
GK^{M) where Jj is the generalized complex structure associated to J by 
J!/ : X © e ^ JX © 

One can endow the space GAK^{M) with a formal Kahler structure such 
that Ham(M, w) acts symplectically on it. Thus, a moment map for this action, 
if it exists, conld be interpreted as a scalar curvature by virtue of Theorem]!] In 
order to compute this moment map, we specialize to the case of a compact sym¬ 
plectic toric manifold (M, w, T) with moment map /i : M —>■ A C t* and Delzant 
polytope A. Let GAK'^{M) denote the T-invariant elements of GAKi^{M). 

Following Donaldson’s argument in [13] . we compute the moment map and 
obtain a generalization of Abreu’s formula as follows. 
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Theorem 3 (cf. Theorem [5]). Denote by C^q{M)'^ the set of T-invariant 
functions with zero mean supported in M and by HamJ(M, w) the subgroup 
of hamiltonian diffeomorphisms that it generates. The action o/Ham^(M, w) 
on GAK'^(M) is hamiltonian with moment map v : GAK^^M) —> (C'^(M)'''')* 
given by 





E 


I *.i=i 





ml ’ 


(5) 


where Q^j = uj and A is the Find(TM)-part of ff. 


In light of this result, we are led to define the generalized Hermitian scalar 
curvature oi J & GAK^{M) to be the function 


ugk{J) = ^ 
*.i=i 


dpddpJi ■ 


We further investigate this formula when J is restricted to a certain class 
DGK^{M) of generalized Kahler metrics such that K'^{M) C DGK^{M) C 
GK'^{M) (cf. Section [321 for the precise definition). For this class, we prove 
the following generalization of Theorem [2] 

Theorem 4 (cf. Theorem [5]). For any J S DGK^{M) and any choice of basis 
ifi T ■ ■ ■: f.m) of i, there exist momentum-angle coordinates on M such 

that 

m 

w = ^ dpL^ A dF 
i=i 

and J is determined by an (rn X m)-matrix-valued smooth function d/ of the 
form 

d^T 

~ 

for a smooth strictly convex function t on A and a (constant) antisymmetric 
matrix C (cf. Section \3.‘A for details). Conversely, to any antisymmetric matrix 
C and smooth strictly convex function r on A, there corresponds an element 
J€DGKZ{M). 

Besides this, the class DGK^{M) is interesting in its own right in the con¬ 
text of generalized Kahler geometry because of the following compactification 
theorem: 

Theorem 5 (cf. Theorem [7]). Consider J G DGK'^{M) corresponding to a 
matrix 4' in the sense of Theorem^ and J G DGK^{M) corresponding to a 
matrix with respect to the coordinates associated with J. If 

(Cl) dr — d' admits a smooth extension to A; 

(C2) d'^dt“^d' — d'^ admits a smooth extension to A; 
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(C3) /3+ (4' —0 — ^^)ij(Jdf^^)<S> (Jdfi^) is positive 

* j=i 

definite on M\M; 

then J is the restriction of an element of DGK^{M). 

Corollary 1 (cf. Corollary [2]) . Let Jq £ K'^{PI) be an ui-compatible complex 
structure of the form Given an antisymmetric matrix G, define a family of 
matrix-valued functions ^(t) (t G on A by 


’^jkit) 


d'^T 

'dfJ^ 


“t“ tGjk j 


and let Jt S DGK'^{M) be the corresponding family of generalized complex 
structures (in the sense of Theorem m- For sufficiently small values of \t\, the 
family Jt is the restriction to M of a family Jt £ DGK^^M). 


This manner of deforming a Kahler structure into a generalized Kaliler can 
be viewed as an explicit realization of a recent unobstructedness theorem of 
R. Goto |211 [22], where the matrix G corresponds to choosing a holomorphic 
Poisson structure cr in the setting of [21] (See Proposition®. 

Using our newly found notion of generalized Hermitian scalar curvature, 
we generalize E. Calabi’s notion of extremal Kahler metrics, calling extremal 
any element J of GAK'^{M) which is a critical point of the functional J !—>■ 
JM^GKiJy^- We deduce, as it is done in [T] in the Kahler setting, that 
J £ DGK^{M) is extremal if and only if ugk{J) is an affine function of 
the momenta. This, and Corollary [I] provide examples of extremal strictly 
generalized Kahler metrics obtained as deformations of extremal Kahler toric 
varieties. See HKHiaiin] for a general theory. 

In the case of a compact symplectic toric manifold of dimension 4, we are 
able to prove in Theorem [TOl that the compactification conditions (Cl), (C2) 
of Theorem [5] are actually necessary. In the 4-dimensional context, we also 
derive a closed form expression for the generalized Hermitian scalar curvature 
of elements in DGK^{M) in terms of the classical scalar curvature (cf. Corollary 
®. This result confirms the form of the generalized scalar curvature suggested 
in [10] and gives an exact value to the dilaton in terms of the angle between 
the complex structures of the underlying Hermitian structures. 


Acknowledgements. This present paper is based on material originally from 
my PhD thesis. I wish to thank my supervisor Vestislav Apostolov for sharing 
his time and ideas so generously. I also thank Paul Gauchon for accepting to 
share some of his personal notes with me and Marco Gualtieri whose suggestions 
have helped to better the presentation of this paper. 
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2 Generalized Kahler structures of symplectic type 


In this section, we introduce the notion of generalized almost Kahler structure 
of symplectic type which is the main object of the paper. We provide three 
characterizations of these structures which will be used throughout this paper 
depending on the situation. We shall also define a formal symplectic structure 
on the space of generalized almost Kahler structures with respect to which the 
action of the group of hamiltonian diffeomorphisms is symplectic. 

Recall that |32| a generalized eomplex structure on a smooth manifold M is 
a complex structure J on the vector bundle TM 0 T*M which is orthogonal 
with respect to the natural inner product {X (B^,Y (Bg) = ^(^(K) + vi^)) 
which satisfies the integrability condition 

[JU, JV]c - J[JU, K]c - J[U, JV]c - [U, K]c = 0 
with respect to the Courant braeket 

[X © ^, K © T]]c = [X, Y] + CxV — — ■^d{i,xr] — i-yO- 

If the integrability condition is omited, we refer to as a generalized almost 
complex structure. For instance, if w is a non-degenerate 2-form and J is an 
almost complex structure, then the endomorphisms of TM © T*M 

X :X©e^ -w-i(e)©w(X), 

Jj -.X®^^ JX(BJ^, 

are generalized almost complex structures. The integrability of BTj is equivalent 
to the usual integrability of J, while the integrability of is equivalent to 
du! = 0. A pair {Ji^J 2 ) of generalized almost complex structures such that 
Ji°J 2 = J 20 J 1 and the bilinear form is positive definite is called a 

generalized almost Kahler structure. It is a generalized Kahler strueture provided 
both J7i and J 2 are integrable. As a trivial example, if (w, J) is a genuine Kahler 
structure on M, then {Ju)j Jj) is generalized Kahler. 

Remark 1. The structure group of a generalized almost Kahler structure is 
U{m) X U{m) C which is maximal compact (cf. [23]). 

It turns out [521 that a generalized almost Kahler structure {Ji,J 2 ) on M 
is equivalent to the data {J+, J-, g, b) of a Riemannian metric g, a 2-form b and 
two (^-compatible almost complex structures J+, J_. 

Indeed, the involution —J 1 J 2 induces a splitting of TM © T*M into its 
(±l)-eigenbundles C±. The bilinear form (•,•) is then positive definite on 
and negative definite on C-. On the one hand this implies that C± are both of 
dimension 2m, and on the other that C± (ITM = C± O T*M = 0 (since TM 
and T*M are isotropic in TM © T*M). It follows that C+ is the graph of a 
map TM T*M whose symetric and antisymetric parts we denote by g and b 
respectively. Similarly C_ is the graph oih — g and we have isomorphisms i± : 
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TM ^ C± : X (X, ix{b ± g)). The generalized almost complex structrures 
) 1/2 preserve C± and so we may use l± to transfer them to almost complex 
structures J± on TM: 

J+ ■ = O J7l O i_|_ = Lj^ O J-^O i_|_, 

7 -1 ^ —\rT 

J- ■.=i_ oJ\OL- = —l_ oJioi-. 

In fact, if i+ is used to transfer (•,-)|c+ on TM, we obtain precisely g. It 
follows that the pairs {J±,g) are almost Hermitian structures. Explicitely, the 
generalized almost Kahler structure (J7i, J 2 ) is given in terms of J-,g,h) 
by Explicitely, 


Ji 


3i 



</+ + J— 
F+ - F_ 

J+ - J- 
F++F- 


-(F+i-Fr') 
J*+ + J1 
-(F+i + Fr') 
j; - j*_ 




„-b 


(7) 


Here, F± = g{J±-,-) are the fundamental 2-forms of the Hermitian structures 
{J±,g) and is the automorphisms of TM0T*M given by X0^ H> X 06 (X) 0 ^. 
The integrability of [Ji, J 2 ) is then equivalent to the integrability of J+ and J_ 
together with the relation 

d±F± = Tdb, ( 8 ) 

where is the operator J±dJ^^ for the action of J± on p-forms by J±'0 = 

Definition 1. Given a symplectic form uj on M, denote by GAK,^{M) the space 
of almost complex structures J such that {3u;, 3) is a generalized almost Kahler 
structure. We shall refer to the elements of GAK,^{M) as generalized almost 
Kahler structures of symplectic type. The set of integrable elements of 
GAK^{M) will be denoted by GK^{M). 

Remark 2. li 3 & GK^{M), then {3uj,3) is a generalized Kahler structure 
since w is symplectic. 


Recall that an almost complex structure J is called oj-tamed if the bilinear 
form u!{-,J-) is positive definite. Let us denote AC+{M,ijj) the set of all lu- 
tamed almost complex structures on M. The following is well known (see for 

instance my- 

Proposition 1. The correspondence GAK^{M) — >■ AC+{M,oj) : 3 J+ 
given by is bijective. The inverse map is J ^ {J+, J-, g,b), where 

J+ = J, J. = r-, g =- r-), 6 = -icc(j0 J*“), 

for J*“ = the symplectic adjoint of J. Moreover, 3 G GAKui{M) is 

integrable if and only if J+ and Jjjl" are integrable. 
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Note that in this context, the Kahler case corresponds to taking J integrable 
and w-compatible (in which case J_ = —J+). 

The material in the remainder of this section is adapted from unpublished 
notes of P. Gauduchon [T^. Let (M, w) be a compact symplectic manifold of 
real dimension 2m. We denote by jm\ the symplectic volume form. It 

is straightforward to check that J € GAK^(M) if and only if J' is of the form 


J 


A \ 

-ujB a* j ’ 


where A, B are endomorphisms of TM satisfying 

A^-B^ = -Id, 

AB + BA = 0, 

= -A, 

= B, 

as well as the positivity relation 

uj{X, AX) + uj{Y, AY) + 2w{BX, F) > 0 VX, F e TM. 
In terms of the corresponding J € AC+{M,uj), we have 

A = -2(J-J*-)-\ B = -(J+J*‘-)(J-J*-)-\ 


(9) 


( 10 ) 

( 11 ) 


Equations ([9|) suggests a complex description of the situation. Indeed, if we 
define an endomorphism K = A + iB of T^M = TM 0 C, then the first two 
equations are equivalent to = —Id, while the other two are equivalent to 
K*“ = —K. To express the positivity condition, it is natural to introduce the 
(non-degenerate anti-Hermitian) bilinear form H{U,V) = uj{U,V). Indeed, one 
may easily verify that m is then equivalent to positivity of Hk = H{-,K-). 
Viewing GAKi^{M) as the set of such complex endomorphisms, we endow it 
with the structure of a Frechet manifold with a formal symplectic structure in 
a manner analogous to m- Indeed, the tangent space at K is given by 

Tk{gak^{m)) = {k € c“(End(r‘^M)) I = -k, kk+kk = o}, (12) 


and the symplectic form is 

nK{ki,k2) = l- [ tkKkik2)v^. 

Remark 3. (1) It is straightfoward to check that for any K G GAKi^(M) 

and k G Tx(GAK^(M)), we have Kk G Tfc(GAKi^(M)). Using this and 
the fact that the elements of Tx{GAK^{M)) are symmetric with respect 
to the Hermitian scalar product Hk, we see that O is indeed real and 
positive definite. In fact, if we define a formal almost complex structure 
by Kifiir := Kk, it can be shown that the pair (U,K) defines a formal 
Kahler structure on GAK,^{M). 


(2) Note that GAK^^ {M) naturally contains the set AK^ (M) of almost Kahler 
structures as a symplectic submanifold by considering the real elements of 
GAK^{M) (i.e. fJrnA" = 0). In fact, the restriction of fl to AKi^{M) is 
the symplectic form considered by A. Fujiki m- 

Before going further, recall that a hamiltonian vector field Xf on {M,uj) is 
a symplectic vector field of the form Xf = —uj~^df for a function / € G°°{M). 
It is also called the symplectic gradient of /, and will be sometimes denoted 
by grad^/. The group Ham(M, w) of hamiltonian dijfeomorphisms is the set 
of 1 -parameter subgroups generated by vector fields of the form grad,^/t for 
/ G G°°{M X I,M.) where I is an interval containing 0. According to a result 
of A. Banyaga [7], to every path t !—)► 74 G Ham(M, w) through the identity 
corresponds a family of functions ft G G°°{AI) such that 

^ = grad^/i Vt. 

It follows that the Lie algebra of Ham(M, w) can be identified with the hamil¬ 
tonian vector fields on (M, w): 

[iam(A/,u;) = {grad^/ G G^iTM) \ f G G^{M)}. 


The exponential map is given by the flow: 

exp(tX) = (/jf; = A o (pf, = Mm- 

In turn, this Lie algebra is identified to the space G^{M) of smooth functions / 
normalized by the condition fv^jj = 0, and endowed with the Poisson bracket 
{/, g} = Xf ■ g = —Xg ■ f. The correspondence being 

G^{M) -4 w) : / grad^f. (13) 


It is also possible to use the Ad-invariant euclidean scalar product (/, 5 ) = 
Jm identify G^{M) to a subset of G^{M)*. 

The group Ham(M, w) acts on GAK^^{M) hy p ■ K = (p^,K(pf^ and the 
infinitesimal action corresponding to F G f)am(Af, w) is given by 


F® - — 
dt 


Pl ■K = -CvK. 


t=o 


(14) 


As shown in Theorem [TJ the restriction of this action to AK^(M), is hamilto¬ 
nian, and the moment map can be identified with the Hermitian scalar curvature 

Uj. 


3 Toric Generalized Kahler structures 

In this section, we study generalized Kahler structures of symplectic type on 
compact symplectic toric manifolds. Section 13.11 recalls the elements of sym¬ 
plectic toric geometry, which will be used in this paper. A source for this 
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material is the monograph m- Section [?721 introduces the class DGK'^{M) of 
torus-invariant anti-diagonal generalized Kahler structures of symplectic type, 
and we show that elements in this class are parametrized by the data of an 
antisymmetric matrix C and a strictly convex smooth function r dehned on the 
interior of the moment polytope. This generalizes the notion of symplectic po¬ 
tential discovered by V. Guillemin [SS] and M. Abreu mm in the Kahler setting. 
In section [331 we adress the question of compactification, which is to determine 
whether a given pair (r, C) as above comes from an element of DGK^{M). In 
the spirit of [5] , we list sufficient conditions for compactification, and as a corol¬ 
lary, we obtain a simple and explicit procedure for deforming a toric Kahler 
metric to a strictly generalized Kahler element of DGK'^{M). 

3.1 Delzant theory 

Recall that a compact symplectic toric manifold of dimension 2m is a triple 
(M, u), T) such that the torus T of dimension m acts on the compact connected 
symplectic manifold (M, w) of real dimension 2m in an effective and hamiltonian 
fashion with moment map /i : M —>■ t* : a; i—>■ (/i(a;) : f i—>■ /r^(x)). In turn, this 
means that p, is T-equivariant (in fact T-invariant as T is abelian) and for all 
^ G t = Lie(T), is a hamiltonian function for the infinitesimal action 
induced on M by According to M. F. Atiyah [S] and Guillemin-Sternberg 
|28| . the image A = p{M) C t* of the moment map is the convex hull of the 
image by p of the fixed points of the action. A theorem of T. Delzant nil 
states that compact symplectic toric manifolds are classified (up to equivariant 
symplectomorphisms) by their moment polytopes A. Recall the definition of 
these classifying poly topes: 

Definition 2. Let t be a vector space of dimension m. A Delzant polytope with 
d facets in t* is the data (A, A, zzi,..., i/d) of a set Act* which is the convex 
hull of a finite number of points called vertices, a lattice Act and normals 
vi,. ■. , 1 'd A such that 

A = {x e t* I Lj{x) >0, j = I,..., d}, 

where the Lj’s are functions of the form 

Lj{x) = {vj,x)+\j 

for certain numbers Xi,... ,\d S M, and such that for each vertex x € A, the 
normals Vj for which Lj(x) = 0 make up a basis of A. The facets of A are the 
sets Fj of the form 

Fj = {x e A \ Lj{x) =0}, j = 1,... ,d. 

A face of codimension k of A is the intersection ofk facets. For a face F, we call 
interior of F the set F of points of F which are in no face of smaller codimension. 
In other words, if F = Pljg/ ® certain set in indices I = {ji,... ,jk}, then 

F = {x e A I Lj{x) = 0^ j e I}. 
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It is shown in Delzant m that for any face F = Fj^n.. of codimension 

k and any p G pL~^{F), the stabilizer of p in T is the sub-torus Tj? of dimension 
k corresponding to the subalgebra ti? generated by the normals ^ Vj^. 

Moreover, Mp = p~^{F) is a symplectic toric submanifold of codimension 2k 
for the action of T/Tj?. Its moment polytope is naturally identified with F, in 
the following sense. The face F is supported by an affine subspace of the form 
2^0 + tp) where tp = (t/tj’)* is the annihilator of ip in I*. A moment map for 
the effective action of T/T^r is then p\mf~^o- The preimage 

M := p-^{A) 

of the interior of the moment polytope corresponds to the set of points where 
the action of T is free, and this set is open and dense in M (cf. Corollary 
B.48). Finally, let us mention the observation in [37] (Proposition 7.3) that the 
set of smooth functions C°°(A) (i.e. those functions which are the restriction 
to A of a function of (^“(t*)) is pulled back to M via p to the set of 

smooth T-invariant functions. Because of this, we shall freely identify 
and C“(A). 


3.2 The symplectic potential 


Let (M, u;,T) be a compact symplectic toric manifold of real dimension 2m, 
with moment map /i : M —> A C t*. In this section, we are concerned with the 
generalized almost Kahler structures of symplectic type on (M, uj) (cf. section 
m which are invariant under the action of T. In accordance with the identifi¬ 
cation in Proposition (T] such a structure can also be regarded as an w-tamed 
T-invariant almost complex structure on M. Recall also that such a J represents 
an integrable generalized almost Kahler structure if and only if both J and J*“ 
are integrable. 


Notation 1. Let GAK'^{M) (resp. GKj,{M)) denote the set of T-invariant 
generalized almost Kahler (resp. generalized Kahler) structures of symplectic 
type as defined in section |3| Similarly, let AK^{M) (resp. K^{M)) denote the 
set of T-invariant w-compatible almost complex (resp. complex) structures. 


Proposition 2. Let J G GK'^{M). Given a basis {^i,..., ofi and Ki = 
the corresponding infinitesimal actions on M, there exists pluriharmonic func¬ 
tions on M which, in a neighborhood of each point, can be completed by 
angular coordinates P to form a system J-holomorphic coordinates (ufP) such 


that 


d 


-JKp 



Moreover, for each such coordinate system, we may replace the functions 
by the functions fj},..., jjF (where pd = fi^') to obtain new coor¬ 
dinates {pf P). 


Proof. Everywhere on M, the tangent space to the orbits of the action is gen¬ 
erated by the infinitesimal actions In particular, on M where 
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the orbits are of dimension m, the KiS are linearly independent. Denote by 
K, the Lagrangian distribution on M generated by the Ki. Then, we have 
1C © JK. = TM. To complete the proof, it suffices to show that the Lie bracket 
of each pair of basis elements (iLi,..., iLm, JKi ,..., JKm) vanishes. The mul¬ 
tiplicative structure on i being trivial, we have [Ki^Kj\ = = 0 

Next, since the action of T preserves J, we have CxiJ = 0 Vi, which is equiva¬ 
lent to [Ki,J-] = J[Ki,-]. In particular, [Ki,JKj\ = J[Ki,Kj\ = 0. Finally, J 
being integrable, the missing equality [JKi, JKj] = 0 follows from the vanishing 
of the Nijenhuis tensor Nj{X, Y) = [JX, JY] — J[JX, Y] — J[X, JY] — [X, Y]. 
We deduce from this that span((i^^,..., d/r™) = span(du^,..., du"^), and so the 
functions ..., /r™, ..., F") define a local diffeomorphism. □ 


It is important to note that even though the functions and P are only 
defined locally, the coordinate fields (as well as the I-forms du^, 

dP, d/r-l) are well-defined globally on M for a fixed choice of a basis {^j) of i. 
From now on, we fix once and for all a basis of t and we denote (x^) the 
coordinates on t* induced by the dual basis (Cj)- 

For J € K'^{M), it is well known that the coordinates (fifiP) from Propo¬ 
sition [2] are symplectic [4]. They are refered to as momentum-angle coordinates 
associated to J. However, for a general J G GK^(M), we shall see in Propostion 
|4] below that this is only the case if the symplectic dual is "anti-diagonal" 
in the sense of the following proposition. 

Proposition 3. Let J G GK^{M) with corresponding angular coordinates 
as in Proposition\^ Locally on M, J takes the anti-diagonal form 




A 


I dfi^ - 

ui=i 


dfi’ 


<E> dP , 


(15) 


where the matrix 'k G is given by 


A A. 


(16) 


and where d'V = (d> ^)ij. Let /C denote the lagrangian distribution on M 
generated by the action o/T. More generally,for an almost complex structure J 
defined on M, the following statements are equivalent: 


(i) JK, = JK; 

(ii) J is of the anti-diagonal form 


ut=i ui=i ^ 


( 17 ) 


relative to coordinates {yP , P ) induced by J as in Proposition 
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Proof. We saw in the proof of Proposition[2]that span(d/i^,..., djf^) = span((iM^,..., du^). 
Write 

m 

du^ = ^ , 

i=i 


m 

so that JdP = ^ '^ijd^^ (this equation determines J entirely since = —Id). 
t=i 

It follows that verifies (fTCl) and J is determined by 



Y.*’' 

j=i 


d 


which is equivalent to m- 
Because of we have 

f d d \ 

= j, (18) 

and so an almost complex structure J verifies (i) if and only if it takes the form 

m 

j^ = -yi,pA_ 

dP ^ dii^ 

i=i 

for a certain matrix which is equivalent to (113. □ 

Notation 2. We shall be interested in the almost complex structures J € 
GKJj{M) whose symplectic dual is also anti-diagonal. Thus, set 

DGKliM) = {J e GKliM) \ J*“/C = J/C}, 

DGAK^iM) = {J e GAKI{M) | J*“/C = J/C}. 

Proposition 4. For J G GK^(M), the following conditions are equivalent: 

(i) J*-IC = J/C. 

(ii) The distribution JK, is Lagrangian. 

(Hi) The coordinates ,P) o,re symplectic, i.e. {pP ,P) define momentum- 
angle coordinates on 

Moreover, if J G DGK'^{M) and if J is an almost complex structure on M of 
anti-diagonal form 


m p. m p. 

*j=i *,i=i ^ 
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with respect to momentum-angle coordinates induced by J, then J*'^ is 

automatically also anti-diagonal with 


r- 


= -E^. 

*,j=i 


dP 


0 dp,^ 


E 

* j=i 


dp} 


0 dP. 


(19) 


Proof, (i) (ii): Generally speaking, for a symplectic vector space {V,uj) 

equipped with a complex structure J and a Lagrangian subspace L, the subspace 
JL is Lagrangian if and only if J*‘^L = JL. Indeed, we have uj{JL, J*'^L) = 
uj{L,L) = 0, and so J*“L C (JL)-*-". But, by definition, JL is Lagrangian if 
and only if JL = (JL)-*-". The equivalence between (i) and (ii) thus holds for 
any almost complex structure on M. 

(ii) (iii)\ In general, we have 

( d d \ 

^ I ^ (^ii ^i) = Oj 

\dL dP J V jy 


LO 


d 


A 


= —UJ 


-A 


= dp^ 


A 

dp^ 


= Sl 


The equivalence between (ii) and (Hi) then follows immediately from (1181) . 

From the fact that the coordinates (p ^, P) are symplectic, if J is of the form 
cm, we deduce formula (IT^ from w(J-, •) = w(-, J*"-). □ 


Since a complex structure J G GK'^(M) is compatible with uj if and only if 
J = — J*" and, in this case, the condition J*"/C = JK. is trivially satisfied, the 
set DGK^(M) is an intermediate class between the Kahler structures and the 
generalized Kahler structures, i.e. we have the strict inclusions 

Kl(M) C DGKl(M) C GKl(M). 

Definition 3. Let us call admissible coordinates a coordinate system (pPP) 
induced as in Proposition\^ by an element J G DGK’^(M). 

Remark 4. (1) In this language, Propositions[3]and|3]imply that J G 

belongs to DGK'^(M) if and only if there exists admissible cooridnates 
(pPP) with respect to which J takes the anti-diagonal form (1151) . 

(2) There is a natural choice of admissible coordinates on (M, uj), obtained by 
taking the complex structure J to be the standard Kahler structure on M 
coming from Delzant’s constructioij^. In this case, V. Guillemin [55] has 
found an explicit expression for the matrix 4* in terms of the fonctions Lj 
defining the moment polytope (cf Definition [5]) : 

^2 /1 ™ \ 

^Recall that in his famous theorem, Delzant constructs a toric symplectic manifold with 
prescribed moment polytope as the symplectic quotient of by a certain sub-torus of the 
T'^-action. In particular, this action preserves the standard complez structure of and so 
the Kahler structure descends to the quotient (cf. for instance m)- 


14 




Our next theorem extends V. Guillemin’s notion of symplectic potential 
[26l[27] of elements of Ki^{M) to the case of elements of DGK'^{M). 

Theorem 6. Let J G DGAK^(M) of the anti-diagonal form 

m Q m p. 

= E 'J'd ^ ® - E ^ ® (20) 


with respect to admissible coordinates ,t^)- Then, J is integrable if and only 
if'^ij,k = ^ik,j Vi,j, fc, whereas J*" is integrable if and only if^ji^k = 

If these two conditions are met (i. e. if J is integrable as a generalized Kdhler 
structure), then is of the form 

^ = Hess(r) + G, (21) 

where r G G°°{A) is strictly conve^ and G is a constant antisymmetric matrix. 
Conversely, given t G (7°° (A) strictly convex and G an antisymmetric matrix, 
formulas (1^0)1 and (pri) define an element J of DGKf,{M). 

Proof. The almost complex structure (1201) is given by 

m 

= (22) 

1 = 1 


If J is integrable, Proposition [2] guarantees the existence of J-holomorphic co¬ 
ordinates (m*,P) such that {d'id,dP) is the dual basis to {—JKi,Ki). Since 
J/C = J/C, we have dP = dP, and so equation (l2^ can be written 


du* = ^ i>ijdyLP 
1=1 


Taking the exterior derivative of this equation, we obtain the condition '^ij,k = 
k. Conversely, if = ^ik,j then taking the exterior deriva¬ 

tive of (1^^ . we see that the 1-form J*dP is closed. It is thus locally exact which 
yields complex coordinates for J. We saw in Proposition 0] that J*“ takes the 
form dTO)l . The same argument as for J thus shows that J*“ is integrable if and 
only if = d'jfe.i Vi,j, A:. 

If J and J*“ are integrable, then taking the sum and difference of the cor¬ 
responding differential identities '^ij.k = ^ik,j and ji.k = jk,ii we obtain the 
identities 


, = vp®, . 

IJ,K IK,J ’ 




(23) 

(24) 


^i.e. its Hessian is positive definite 
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where 


2 


are respectively the symmetric and antisymmetric parts of Equation (|24D 
implies that the matrix is constant due to 



As for equation (l^5)l . we make use of the general fact according to which a 
smooth m X m symmetric matrix-valued function G defined on an open set 
U C M'" with = 0 satisfying C?y,fe = Gifcj fc is of the form G = 

Hess(g) for some function g G C°°{U). Thus, ’E'* = Hess(r) for some function 
r G G°°{A). The fact that J is w-tamed is equivalent to the positivity of 
and since x^Cx = 0 for all antisymmetric matrices G and column vectors x, we 
have x^d^x = x^'I'^x, from which it follows that r is strictly convex. □ 

Definition 4. Given admissible coordintes and J G DGK^{M) of an¬ 

tidiagonal form (EOl) for 4' = Hess(T) -\-G as in the statement of Theorem\^ we 
will call the function t the symplectic potential of J. 

3.3 Compactification and deformation 

We ask now whether a generalized almost Kahler structure J G DGAK'^{M) 
on M is the restriction of an generalized almost Kahler structure defined on M? 

Let be admissible coordinates on M and J G DGK'^{M) (globally 

defined) be of the form 



(25) 


Consider J G DGAK'^{M) (defined on M) of the form 



(26) 


and set 


fd = Uj{;J-), /3 = tu(-,J-). 


It is possible to argue as in the almost Kahler setting treated in [4] in order to 
obtain sufficient conditions for the compactification of such a J. Because of 


m 



( 27 ) 
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we can write 


/§ - /3 = X! ® dfi^ + (4'-i - Jd/) 0 {'i>jiJdfi^) 

i,j—l 2,j',fc,Z=l 

m m 

= ^ (4 - 0 dfi^ + Y - ^^)fci(d'd/) 0 (JV). 

i,j—l k,l=l 

(28) 

Thus, if 'i' — T and admit smooth extensions to A, then the right 

hand side of (1^51) defines a smooth T-invariant bilinear form on the whole of AI. 
It follows that /3 (alternatively, J) admits a smooth extension to M. As M is 
dense in M, by continuity, the extension verifies = —Id everywhere on M 
and is integrable provided that J is integrable. On the other hand, a continuity 
argument only shows that /5 is positive semi-definite on M . In order that the 
compactification of J be w-tamed, we must make sure that the bilinear form 

m 

13+ X! “ '^)ijd^i’- 0 d^l^ + (Jdp*) 0 (Jdfi^) 

i,j=i 

is positive definite on M\M. We summarize the discussion in the following 

Theorem 7. Let J G DGK^{M) be of the form (1^51) and J G DGAK^{M)^ 
(resp. J G DGK'^{M)) of the form (I26|) . If the matrix T associated with J 
verifies the three conditions 

(Cl) 'k — T admits a smooth extension to A; 

(C2) admits a smooth extension to A; 

(C3) (3+ YL — '^)iidp3 ®dp,^+ — '^'^)ij{Jdp3)®{JdpLl) is positive 

jj=i 

definite on M\M; 

then J is the restriction of an element of DGAK'^{M) (resp. of DGK^{M)). 

As in m (cf. Remark 4), conditions (Cl), (C2) can be recasted as follows: 

Lemma 1. The conditions (Cl), (C2) is equivalent to 

(Cl) 4' — T admits a smooth extension to A, 

(C2)’ the smooth extension o/'I'“^4' on A is invertible. 

As an immediate consequence of Theorem [71 we obtain 

Corollary 2. Let {!+,+) be admissible coordinates on M and let Jq G K'^{M) 
be an uj-compatible complex structure of the form 

m m p. 

■^0 = E 0 d^,^ - Y ® dC 

i,i=l *,j=l ^ 
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for some positive definite symmetric matrix S. Consider also an arbitrary anti¬ 
symmetric matrix C and define a family of complex structures Jt G DGK'^{M) 
(t G by 

m „ m „ 

Jt = Y. (*) ^ ® - E ^ ® ’ (29) 

*J=1 hj=t ^ 

where 

= S + tC. 

For sufficiently small values of \t\, the family Jt is the restriction to M of a 
family Jt G DGK^{M). 

Proof. By [4], we know that conditions (Cl), (C2)’ and (C3) are verified for 
'I'(O) = S. It suffices to notice that for t small enough, 'l'(t) continues to verify 
conditions (Cl), (C2)’, (C3) as M is compact. □ 


By a theorem of R. Goto (see also [51]), on a compact Kahler 

manifold (M, w, J) equipped with a holomorphic Poisson bivector cr ^ 0, the 
trivial generalized Kahler structure can be deformed in the direc¬ 
tion of [crw] G TbojI 

into a nontrivial generalized Kahler structure 
{Jiit)^ J 2 {t)). More precisely, the complex structures J±{t) of the underlying 
hermitian structures depend analytically of t and if 2 ^,..., are local holo¬ 
morphic coordinates for J+(0) with respect to which we have 


dt 


then the Kodaira-Spencer class of the deformation J+(t) is locally represented 

m m 

by the tensor ^ ® with ^ The first variation of 

j,fc=i ^ 1=1 

J-{t) yields the opposite class. 

Proposition 5. The Kodaira-Spencer class of the deformation Jt of Corollary 
d is {<Tuj\ where a is the holomorphic Poisson structure given by 

m 

a = 2Y ® kY- 

j.fc=i 


Proof. Let -+- iV be the complex coordinates defined by Jo as in Propo¬ 

sition [2| By virtue of (fT6)l . we can write 

mo o 

Jt= Y -■^'^^{t)S^k-^®dt^. 

k,i,p—l 

^If we see o- = Y ^ = E ^ bundle maps —>■ and 

k,i k,£ 

^0,1 respectively, then the class [cju;] is represented by aouj = E (g) G 

j:k,i ^ 
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Using the relations 


as well as 
we compute 


&z^ 


du^ dt^ —\=i 


dz^ 




d 

dt 




m ^ 

t=o ti 


dz^' 


i.e. a-if^ = i{CS ^)kj- On the one hand, we have 


oj = ^J2 ® 


k,e=i 


and using the relation we can write locally 

TTi r\ r\ 

„ „ d a 

kd=l 

It follows that (T is a holomorphic Poisson structure, and 

m 

e=i 


( 30 ) 


□ 

Remark 5. It has been observed in [5] in dimension 4 and by N. Hitchin [30] in 
general that for any generalized Kahler structure (5, J+, J_, 6), the bivector P = 
|[J+, J-]g~^ : T*M TM gives rise to the holomorphic Poisson structures 

a± = ([J+,J_]g-i)"’°=P-*J±P (31) 

The holomorphic Poisson structure at associated with the family (EIH) 

m Pi r) 

o, = -iY. (ic+tsi^tnYr^cs-'m^),, ^ 

i,fc=i 

It is not difficult to see that in dimension 4, this reduces to at = Ata, whereas 
in general, we have at = 4tcr + O(t^). In the spirit of [311 [24] . another way to 
produce an element of GK^{M) by deformation of a toric Kahler structure Jo 
is to start with a T-invariant vector field X and consider the family of 2-forms 

wt = {ipf)*ujds, 
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where is the flow of X. We have wq = w and for all f > 0, Wt is a closed 
2-form, tamed by Jq for t small enough. In fact, if X is holomorphic, 
commutes with </, and the 2-form ojt is symplectic for all f > 0. For example, if 

m 

X is of the form X = X^Kj, then its flow is of the form 
j=i 

from where we compute 


UJt = UJ + - ^ 


dX^ 


2 ^ 

j,k=l ^ 


A . 


While the deformation in Corollary applies to any compact symplectic toric 
manifold, there are several results in the literature providing such deformations 
in special cases. For instance, Y. Lin and S. Tolman |38| developped a notion of 
symplectic reduction for generalized Kahler structures (see also |35l l25p .Thev 
show that under certain conditions on the moment polytope A, there exists a de¬ 
formation of generalized Kahler structures {Juj,Je) (in the sense introduced by 
M. Gualtieri [23]) of the standard Kahler structure (w, J) on which descends 
to the symplectic quotient to define a generalized Kahler structure jTj), 

where Wred is the reduced symplectic form. For instance, this applies to the 
Hirzebruch surfaces. Similarly, in |25| are obtained explicit deformations of the 
standard Fubini-Study Kahler structure on CP^. The results in jSTj 

give rise to toric deformations in the case of toric Fano manifolds. 


4 The generalized Hermitian scalar curvature 

In this section, we compute the moment map for the action of a subgroup of 
Ham(M, w) on GAK^{M) and on DGK^{M) in admissible coordinates. This 
generalizes the formulae in HilllSHI for the hermitian scalar curvature of a 
toric almost Kahler metric and suggests a definition of a "scalar curvature" 
for generalized Kahler structures in DGKjj{M). In section jS] we use these 
definitions to introduce a natural notion of extremality in GAKi^(M). In the 
case of DGK'^{M), we show that extremality is equivalent to the generalized 
Hermitian scalar curvature being an affine function of the moment coordinates. 
This generalizes an important theorem of M. Abreu [T|. 

Let (M, aj,T) be a compact symplectic toric manifold of real dimension 2m 
with moment map /i : M —>■ A C t*. We adopt the viewpoint developped 
in Section [2] and regard elements of GAK'^{M) as T-invariant complex en- 
domorphisms of the complexified tangent bundle. The group Ham^(M, w) of 
T-invariant hamiltonian diffeomorphisms acts on GAK'^{M) with infinitesimal 
action K* given by (IT^ for V G ()am^(M,w). The Lie algebra t)am^(M,w) 
consists of the T-invariant hamiltonian vector fields on M. Seen as a space of 
functions by means of the correspondence (I13p . this is simply the T-invariant 


20 



elements of C^{M). li V = grad^/i for some function h G then V'^ 

takes the following form relative to admissible coordinates ,P): 

m Pi 

^K = Y.^dh,joK)(g) — -dhj(g)K—. ( 32 ) 

t=i 


Let C^q{MP C C^{My- denote the ideal of functions with support in M 
and Ham(((M, w) < Ham^(M, w) the corresponding connected subgroup. 

Theorem 8 . The action o/Ham)!'(M, w) on GAK'^(M) is hamiltonian with 
moment map v : GAK'^{M) —>• given by 


vf{K) 






( 33 ) 


where Qij = Lo{KKi,Kj). For J G DGK^{M), the following alternative ex¬ 
pression holds: 


P{J) 



Q2sij 

dpddpiJ 


Vcj, 


( 34 ) 


where Sij = for t G C°“(A) the symplectic potential of J and 5®-! = {S ^)ij. 


Proof. Formula (IMl) together with the fact that M\M = p ^(3A) has measure 
0 allows us to write 




’M 


tT{K o O K)Vu. 


^ f f d 




Vuj- 


Since T acts freely on M (with A identified with the orbit space), /i : M —>• A 
defines a trivial principal torus bundle: M = AxT. We have = (— 

... A dx'^ A A ... A dt"® so if we set Gm = A ... A dt"®, we can 

write 




( 35 ) 


where vo = dx^ A ... A da;®®®, 
basis de T^M is 


If the matrix representation of K relative to the 


K = 


P Q\ 
R S J ’ 
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then (1551) takes the form 


i^K{V^,K) 





This computation suggests that the moment map is 


(K) 





(36) 


(37) 


Here, we observe that the functions Qij are well-defined and smooth on A since 
we can write Qij = uj{KKj, Ki) which is a smooth and T-invariant function on 
M. Consequently, if / has support in A, a double integration by parts allows 
us to shift the derivatives over to Qij, and thus 



It remains to check the equivariance of v, namely the relation {(p ■ K) = 
vf {K) for ip G Ham^(M, w). Let p be the flow at time 1 of grad,^h for h G 
C'(j“(M)’'’. As in Remark^ (2), we compute 

" ( (^^s) ? ) ’ 

so in particular, p preserves the fields vector Ki. It follows that p acts on K 
by changing Qij to io{p^,Kp~^Kj,Ki) = Qij o p~^ = p ■ Qij. Next, using the 
naturality of the Lie derivative on (p ■ Qij)pj = J^d/dtJ.*^d/dtJ.i {‘P ‘ Qij)i we get 

{P ■ Qij),ij = P' 

where 

But the functions Qij are T-invariant, so Cg/gtkQij = 0 and it remains 

(.P ' Qij^ij — P * {.Qijjij^- 


Since p preserves the symplectic volume form v^, we have 


(ip ■ K) 



P * (/ 


{K). 
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Finally, note that the expression ^ Qij,ij is real. This follows from the fact 

i,i—l 

that the imaginary part of K is w-self-dual (cf. ([H])), and so the imaginary part 
of Qij = uj{KKj,Ki) is antisymmetric. We thus get (1551) . 

To obtain (|34p . recall equation (fTT|) to obtain the expression 9{cQij = —uj{{J°‘)~^Kj,Ki). 
In terms of the identification K ~ {S, C) of Theorem IH we obtain 'IRtQij = 


Comparing the results of Theorem [8] with ([2) , we are naturally led to the 
following definition. 


Definition 5. The generalized Hermitian scalar cnrvatnre of K G GAK^{M) 
is 


ugk{K) = 


E 


ij'=l 


dx'^dxi 


(38) 


where Qij = u:{KKi,Kj). 


Remark 6. In terms of the characterisation of Theorem [51 the Hermitian scalar 
curvature of an element of DGK'^{M) is of the form 


ugk{J) 


m 


E 




(39) 


where = (Hess(r) ^)y . 

Remark 7. (1) The function ugk{K) is well-defined globally, since Qij = 

u;{KKi, Kj) € = C°°{A). However, at present, we can only be 

sure that defines an element of G°°{M)'^ in dimension 4 (cf. section 

ESI). 

(2) When J € K'^{M), formula (1551) reduces to the formula found by M. Abreu 
[T] for the Riemannian scalar curvature. Similarly, when K G AK^(M), 
formula (1551) reduces to the formula found by S. K. Donaldson [T5] and 
more generally, by M. Lejmi |36| for the Hermitian scalar curvature. 

5 Extremal generalized Kahler structures 

Let (M, uj, T) be a compact symplectic toric manifold of real dimension 2m with 
moment map /r : M —^ A C t*. It is clear that the moment map in equation 
© can be replaced by {J) = — f{uj — uj)vuj (for uj = ujv^S) so that 
with respect to the identifications discussed in Section EJ v can be seen as the 
map J 1-^ —uj + uj G C^{M). A simple computation reveals that the critical 
points of llz^lp: Kuj{M) R are precisely the extremal Kahler metrics in the 
sense of E. Calabi [5]. Indeed, we have 

di\\y\\^)jij) =2{viJ),dvj{j)) = 2Dj((grad^uj)#, j) =-2Dj(/:grad„«j J, j), 
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Thus, J is a critical point if and only if Cg^ad^ujJ = 0. Since J is w-compatible, 
this is equivalent to saying that grad^^uj is Killing. But as is well known 
[5], for fixed J this condition also characterizes the Kahler metrics in a given 
DeRham class a G which are critical points of the Calabi functional 

g I—>■ Jj^UgVg. More generally, the calculation above holds true on GAK'^{M) 
provided that v is replaced with the moment map from Theorem |51 In light of 
this, the following definition is natural. 

Definition 6. Let (M, a;,T,/i) be a compact symplectic toric manifold. An 
element K G GAK^{M) is called extremal if it is a critical point of the func¬ 
tional K I—>■ Im {ugk{K) - ugk{K)Yvu,, where ugk{K) = Im ugk{K)voj. An 
equivalent condition is 

^grad^UGK 0- 

M. Abreu has observed [T] that the toric Kahler metrics which are extremal 
are precisely those whose scalar curvature depends in an affine manner upon the 
moment coordinates of Proposition [5] This characterization admits a natural 
extension to DGK'^{M): 

Proposition 6. For J G DGK'^{M), the following statements are equivalent. 

(1) J is extremal. 

(2) Lgj.g^d^uGKiJ)'^ 

(3) The vector field grad^ucKiJ) is Killing with respect to g = 

also preserves the 2-form b = J-)“. 

(4^) ugk{J) is an affine function in the momentum variables {p},... ,p^). 

Proof. Let K = A-\-iB he the endomorphism of T'^M corresponding to J as in 
section[5]and let A be a vector field on M. The equation CxK = 0 is equivalent 
to CxA = CxB = 0. According to (fTTl) . we have 

CxA = d^[j- r-)-\CxJ - {CxJT-){J - r-)-^ = o 
^CxJ={CxJrA 

and since B = J*'^)A, we see that under the hypothesis CxA = 0, we 

have 

CxB = 0 CxJ = —{CxJ)*“ ■ 

Hence, CxK = 0 is equivalent to CxJ = 0. Taking the Lie derivative of the 
equation a;(-, J-) = g — b, we obtain Cx<jj{-, J-) + uj{-,CxJ-) = Cxg — Cxb. If 
X = grad^UGK{J): the first term vanishes and we see that 


Cgrad^UGK ^ ^ ^^rad^UGK{J)9 ^grad^ucK gY 

This proves that (1) and (2) are equivalent. Statements (2) and (3) are equiv¬ 
alent because giad^UGK{J) preserves to. Assume (4) holds, so that ugk{J) = 
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m m 

+ b for certain numbers ai,..., Om, & G M. Then, duGK{J) = X) 
j=i i=i 

m 

and so grad^^UGic(■/) = X] Since J is T-invariant, we have Ck^J = 0 Vj, 

i=i 

whence we see that (2) holds. Finally, let us show that (3) implies (4). Set 


V := grad^UGK(J) 


E 


duGKjJ) 

d^ii 


Kj. 


The fact that F is a Killing vector field means that the tensor 


DV'’ 


E 


i.fc=i 


d'^UGKjJ) 


j 


duGKjJ) pyb 


is antisymmetric. Since the vector fields Kj are themselves Killing, this boils 
down to the first term of the right hand side being antisymmetric. We have 


m 

K) = E so 

1^1 


^ d^Y ® K) = ^ (Hess(MGjc(J))'^(4' YY^idiY'^dY, 

which implies Hess(uGif (J)) = 0. □ 

Corollary 3. Let (M, w,T, p) be a compact symplectic toric manifold. If there 
exists an extremal element Jq G then there exists extremal elements 

J e dgkYm)\kYm). 

Proof According to a result of M. Abreu ([5] Theorem 4.1), Jq G K'^{M) is 
extremal if and only if sjp is an affine function of p^,.../i’”. Let Jt be the 
deformation of Jq from Corollary associated with an arbitrary nonzero an¬ 
tisymmetric matrix C. For t sufficiently small, Jt G DGK'^{M)\K'^{M), and 
UGKiJt) = sjp. We obtain the desired conclusion by combining Abreu’s char¬ 
acterization with our Proposition [6l □ 

Remark 8 . In a series of articles (see e.g. [131 HI])) S. K. Donaldson has 
developped a general program of characterizing compact toric varieties admit¬ 
ting extremal Kahler metrics in terms of suitable notions of stability for the 
corresponding Delzant poly topes. 



6 The 4-dimensional case 

In this section we focus on the 4-dimensional case. In section oi we for¬ 
mulate some lemmas that will be useful later and we show that, on compact 
4-manifolds, the generalized Kahler structures of symplectic type are, up to 
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isomorphism, precisely those whose underlying complex structures induce the 
same orientation. In section 16.21 we argue that, in dimension 4, the sufficient 
conditions of Theorem [7] are also necessary. We do so by formulating an equiva¬ 
lent set of conditions as is done in the Kahler setting of [1]. Finally, we provide 
a closed formula for the generalized Hermitian scalar curvature of elements in 
DGK'^{M) in terms of the underlying bi-Hermitian structure. 

6.1 Generalized Kahler structures of symplectic type in 
dimension 4 

In this subsection, M denotes a smooth manifold of dimension 4. In this case, the 
underlying complex structures J± of a generalized Kahler structure of symplectic 
type {J+,J-,g,b) induce the same orientation |23| . In particular, J-, g) 
forms a bi-Hermitian structure in the sense of [S] and we have |39| : 

Lemma 2. If ( J^, J-, g,b) is a generalized Kahler structure with J_|_ and J_ 
inducing the same orientation on, then 

J+J- +J-J+ = -2pld, (40) 

where p = — ;|tr(J-|-J_) G [—1,1] is called the angle function. Moreover, p = ±1 
if and only if J+ = ± J_. 

Recall that the Lee form of an almost Hermitian metric {g, J) with funda¬ 
mental form F = g{J-, •) is the 1-form 0 = J5F, also characterized as the unique 
1-form such that dF = 9 A F. A Hermitian metric is called Gauduchon (201 if 
69 = 0 . 

Lemma 3 ([3]). If (J_|_, J-,g,b) is a generalized Kahler structure with J-|_ and 
J_ inducing the same orientation, then the metric g is Gauduchon with respect 
to J_|_ and J_, and the Lee forms are related by 

0_i_ -I- = 0, 0+ = *db. 

Here, * is the Hodge operator relative to g and the orientation induced by J±. 

Recall from [33] that the bundle isomorphisms oi TM (B T* M that preserve 
both the natural inner product and the Courant bracket (called Courant iso¬ 
morphisms) are of the form f* o for f G Diff(M), b G LP'iM) a closed 2-form, 
and X © e ^ A 0 (b{X, ■) + f). 

Theorem 9 1|31|1. Let M be a compact 4-dimensional. A generalized Kahler 
structure on M is Courant equivalent to a generalized Kahler structure 

of symplectic type if and only if the complex structures J_|_ and J_ induce the 
same orientation. 

Proof. If {Ji,J 2 ) is Courant equivalent to a generalized Kahler structure of 
symplectic type, then J-|. and J_ induce the same orientation |23| . For the 
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converse, assume J+ and J_ induce the same orientation. Without loss of 
generality, we may assume that J+ ^ ±J_. In this case, the first Betti number 
of M is even |3] and we face the following alternative 

(I) J+{x) ^ J-{x) Vx € M, 

(II) J+{x) -J-(x) Va: e M. 

Assume (I) holds, i.e. p{x) < 1 Vx G M, where p is the angle function introduced 
in Lemma [5] Consider the 2-form 

^ ~ 2^ — p) ^ ^ ’ 

where F+ = gj^ is the fundamental form of the Hermitian structure {g,J+). 
This form is globally defined on M and its codifferential was computed in the 
proof of Proposition 4 of [5] to be Suj = —\(jj{6+ -f 9-)K However, Lemma [3] 
implies that w is co-closed. Since d = — * S* in dimension 4 and uj is self-dual, 
we see that w is closed. The symmetric part of w(-, J+-) being g, it follows 
that UJ is symplectic. To conclude, it suffices to check that g = —^uj{J+ — J_). 
Indeed, it will then follow from Proposition [T] that for 6^^ = —^uj{J^ -I- J_), 
the generalized Kahler structure corresponding to {J^, J-, g,b^^) is of the form 
{Juj,J)- In particular, • (Ji, J 2 ) = {Juj,J)- We have 

u;(— J—) = —g — gJ-\.J— — —— -g[J-^., — J—). 

2(1-p) 

Using that p([J+, J_]-, •) is J+-anti-invariant along with the identity (J+ — 
J_)^ = —2(1 — p)Id, we may write 

g{[J+, J-]J+{J+ - J-): ■) = 2(1 - P)9{J+ + J-); J+-) 

= 2{l-p){g-g{J+J-■,■)). 

We see then that w(J+ — J_) = —2g. 

If (II) holds, consider J'_ = — J_ so that (J+, J'_) satisfies (I) and so 
is Courant equivalent to (^7, ^7^,;). □ 


6.2 Compactification in dimension 4 


Unless stated otherwise, we assume in this section that (M, w,T) is a compact 
symplectic toric manifold of real dimension 4 with moment map p : M —> A C 
t* and consider J G DGK^(M) of the form (fT51) with respect to admissible 
coordinates (/i-^,U) on M. We begin by writing down some identities valid in 
dimension 4. According to Theorem [51 the decomposition = d/® -|- 4'“ of 4 
into its symmetric and antisymmetric parts is of the form 4'® = S', 4“ = C for 
some positive definite symmetric matrix S and a constant antisymmetric matrix 
C = (o)- Therefor, we have the decomposition 4'“^ = (4'“^)® -|- (4“^)“ with 


(4-T = 

det 4/ 


(4,-l)a ^ _ 


1 


det 4' 


-C. 


(41) 
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Also, the Riemannian metric g = and the 2-form b = —w(-,'!'•)“ are 

given by 

2 Hp’t' S' 

g = Sijdg’' 0 dgP + - — —S^^df 0 dt^, 
i,j=i 


det 4' 


b = —cdg,^ A dg? + 


det dt 


-dt^ A dt^. 


(42) 

(43) 


The angle function p = J*“) from Lemma[2]is given by 


In particular, 


1-p 


„ — det S 

P = -;-. 

detd- 

(44) 

det S 1 + p c^ 

det d' ’ 2 det d' 

(45) 

related by the formula 


det d* = det S + (?. 

(46) 


Theorem 10. Consider J G DGK^(M) of the form ((Ml) and J G DGK^{M) 
of the form (ESI) with respect to admissible coordinates If J satisfies 

conditions (Cl) and (C2) of Theorem\^ relative to J, then J is the restriction 
of an element of DGK'^(M). 


Proof. By the arguments of section 13.31 J is the restriction of a complex struc¬ 
ture Jc on M. It remains to show that the (non-degenerate) bilinear form 
/3c = uj{-,Jc-) is positive definite on M\M. By continuity, we know that /3c is 
positive semi-definite there. Consequently, /3c will be positive definite provided 
that the antisymmetric part —be of /3c vanishes on M\M. Using (IMl) . equation 
((Ml) can alternatively be writen 


6 = -c Id - 


detd* 

detd- 


J*^ dg^ A dg^. 


By continuity, this formula holds true everywhere. Indeed, the 1-forms dg'’ 


are globally defined as is the quotient 


det ’I' 
det ^ 


(cf. condition (C2)’of Lemma [T]). 


However, dg^ A dg^ vanishes on M\M since dg^ is w-dual to Ki and the Kfs 
are linearly dependent on M\M. □ 

Proposition 7. Consider J G DGK'^{M)\K'^{M). Then 

M\M = {x G M \ J{x) is compatible with w(a;)} 

= {xGM \ J{x) = -J*‘-^{x)}, 

= {x G M \ p{x) = —1}, 


where p = —;Ttr(JJ*"). 
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Proof. Assume J is of the form (1251) relative to admissible coordinates. Com¬ 
bining (1^ and (l46l) . we obtain 


1 — p det S 
2 det S' -I- ’ 


(47) 


from where p{x) > —1 Wx G M. Moreover, since p = a;(*, J-) takes the form 


2 

/? = ^ 4'y d/r* 0 0 dt\ 

i,3 = ^ 


we may write = f3{Ki,Kj), where l3{Ki,Kj) is a smooth function defined 
on the whole of M. It follows that 4'“^ £ C°°(A). Moreover, det(4'“^() = 0 
on 3A since the vector fields ATi, i = 1,2 are linearly dependent on M\M. By 
(Uni)) this implies that detS —>■ -I-cxd when x —>■ dA. Taking the limit in (ITfl) . 
this implies in turn that = 1 on M\M; i.e. p{x) = — 1 Vx £ M\M. The 
equivalence between the various expressions of M\M correspond to the fact 
that p{x) = — 1 if and only if J = — J*“. □ 

Corollary 4. Consider J £ DGK'^{M) and g = aj(-, J-)®. Then, the metric 


9ak 



is smooth, T-invariant and uj-compatible. 


Proof. Smoothness follows from the fact that 1 — p vanishes nowhere on M. 
This is so because p{x) = 1 if and only if J(x) = J*“(x) and this happens at no 
point of M since J is tamed by uj. Using ((151) . it is trivial to check that pak is 
w-compatible on M , and hence on M by continuity. □ 

In terms of admissible coordinates (pUU) on M, we have 

OAK = ^ 0 dp^ + S'^^dP 0 dP. 

More generally, it is not hard to see that for any positive / £ the 

metric defined on M by 

2 

gf=Y^ fS^jdpf 0 dp^ + f-^S^^dP 0 dP, (48) 

is compatible with lo. In particular, for / = 1, the resulting metric is integrable 
(Theorem ini). For this reason, we introduce the following notation: 
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Notation 3. Denote by gx the toric Kahler metric on M corresponding to the 
function / = 1. In other words, 

2 

qk = ^ Sijdg.’' (g) + S^^df ® dt^. (49) 

i,i=l 


Lemma 4. Let f G C°°{M)'^ be a positive and T-invariant function such that 
/Im\m= Then, gj is the restriction to M of a toric almost Kahler metric 

defined on M if and only if gx is the restriction to M of a toric Kahler metric 
defined on M. 


Remark 9. (1) In particular, since gAx = gf for / 

hypotheses of Lemma 2] 



it satisfies the 


(2) It is known since [3] that every 4-manifold admitting a generalized Kahler 
structure is Kahlerian. Our construction associates in a canonical way a 
Kahler structure (the metric gx) to any element of DGK'^{M). 


The proof of Lemma |T] relies on the compactification criterion for toric al¬ 
most Kahler metrics of Apostolov-Calderbank-Gauduchon-Tpnnesen-Friedman 
[3] which we reproduce here in a form adapted to our needs. 

Definition 7. Let (A, A, i^i,..., Vd) be a Delzant polytope (cf. Definition\^) and 
let xq be a point in the interior of a k-dimensional face F of A. Choose a vertex 

V of F. By reordering the normals vi,... ,Vd if necessary, we may assume that 

V is characterized by the vanishing of Li,, L^ and that F is characterized by 
the vanishing of Li,... ,Lm-k- Since A is a Delzant polytope, the mapping 


i* ■.x^{Li{x),...,L,^{x)) 

is an affine isomorphism. The coordinates y = (j/®) defined by y® = Li{x) — 
Li(xo) for i = 1... ,m are called adapted to F (centered on xq). 

Proposition 8 ([3], Proposition I). Let (M,a;,T) be a compact symplectic toric 
manifold of real dimension 2m with moment map /i : M —>■ A C t* . A toric 
almost Kahler structure J G AK'^{M) defined on M is the restriction of an 
element of AKf,{M) if and only if for each k-dimensional face F of A with 
adapted coordinates (y®), the matrix Hij, defined on A as the matrix whose 
inverse is H^^{g{p)) = gp[X,^^,Xi,.) (\ < i,j < m), satisfies the following 
conditions: 


(i) Hij admits a smooth extension to A; 

(ii) on each facet Fi containing F, 

Hij (y) = 0 Vj = I,..., m and = 2; 
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(Hi) the sub-matrix )™ =m-fe+i positive definite on F (k > 0). 

Alternatively, J is the restriction of an element of AK^{M) if and only if con¬ 
ditions (Cl), (C2)’ of Lemma{^ are satisfied. 


Proof of Lemma^ If Hij is the matrix corresponding to as in the statement 
of Proposition [51 then /-ffy is the matrix corresponding to Qf. It suffices to 
realize that conditions (i)-(iii) are satisfied by Hij if and only if they are satisfied 
by fHij. For (i) and (hi), it is trivial, while for (ii), we have 


djfHu) 

dt 


(y) 




dHu 

dy^ 


(y), 


using (i) and the hypothesis /(?/) = 1 for y G dA. 


□ 


Finally, we can prove the result announced at the begining of this section. 

Theorem 11. Consider J G DGK]j(M) of the form (I15II with respect to ad¬ 
missible coordinates, where = S' + C. Consider also the Riemannian metric 
g = and gx the toric almost Kdhler metric on M definned by equa¬ 

tion (|49l) . Then, J is the restriction of an element of DGK'^{M) if and only 
if gx is the restriction to M of an uj-compatible toric Kdhler metric on M. In 
particular, this condition is equivalent to the following conditions for the matrix 
Hij, defined on A as the matrix whose inverse is H^^ (fj,(p)) = gx\p{Xi,., 

A A i,j A 2): For each k-dimensional face F of A with adapted coordinates 

{f), 

(i) Hij admits a smooth extension to A; 

(ii) on each facet Fi containing F, 

= Hji{y) = 0, Vj = l,2 and -^^ = 2; 


(Hi) the sub-matrix (iSy positive definite on F (k > 0). 

Alternatively, J is the restriction of an element of DGK'^{M) if and only if 
conditions (Cl), (C2)’ of Lemma{^ are satisfied. 

Proof. By Proposition [51 conditions (i)-(iii) are equivalent to the compactifica- 
tion of gx- 

If J is the restriction to M of an element of DGK'^{M), the by Remark [5] 
(I), gx is the restriction to M of a toric Kahler metric on M. 

Suppose next that conditions (i)-(iii) are met, and let us show that this 
implies conditions (Cl), (C2)’ of Lemma |T] This will prove that conditions 
(i)-(iii) are sufficient to compactification and also that conditions (Cl), (C2)’ 
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are necessary. By Proposition [51 (Cl) is satisfied for gx, i.e. S'— dt admits a 
smooth extension to A, where d* comes from an element of DGK'^{M). Since 
the matrix-valued function C is constant, it admits a smooth extension to A 
and so d' — d' admits a smooth extension to A, i.e. (Cl) is satisfied for J. For 
(C2)’, we must show that for any point xq G dA, we have 


detd* 

lim -- 

xh^xo det d^ 


^0. 


Let F be the face of A which contains xg in its interior. It is shown in the 
proof of Proposition [5] that with respect to coordinates y = {y^) adapted to F 
centered on xg, we have 

(detS(2/))-i =2—V-.-y"*-"™, 

(det d'( 2 /))-i = ... y”^-'^P{y), 

where k is the dimension of F and where P,Pg C°°{A) are smooth function, 
positive at y = 0. It follows that 

det'L / det S(y) \ P(0) 

det d* y det d>(?/) detd>(?/)/ P(0) 


□ 


As a corollary, we have the converse of Corollary 0 

Corollary 5. Let {M,uj,T, y) be a compact symplectic toric manifold of dimen¬ 
sion f. If there exists an extremal element J G DGK'^{M), then there exists 
extremal elements Jg G K'^{M). 

Proof. Let J G DGK'^{M) be extremal and consider the Kahler structure gx 
associated with it in the sense of Theorem[TlJ Clearly, the generalized Hermitian 
scalar curvature ugk{J) of J is equal to the scalar curvature of gx so that, 
by Proposition |6l ugx{J) is an affine function in (p\p2). By [1], this property 
characterizes toric extremal Kahler metric. □ 

Remark 10. In dimension 4, we can use Theorem to enlarge the scope 
of (l34)) to the case of the action of the full group Ham''''(M, w). Specifically, 
if (M, w,T) is a compact symplectic toric manifold of real dimension 4 and 
: DGK'^iM) {G^{Mf)* is the function given by dM]), then for any 
J G DGKliM) et f G C(^(M)T, we have 

where V = giad^f and V'^ is the corresponding vector field on AGK'^{M) given 
by dm). 
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6.3 An explicit formula for the generalized Hermitian scalar 
curvature in dimension 4 


Since in the Kiihler situation J = — J*“, the right hand side in equation (1391) 
corresponds to the scalar curvature of the associated Riemannian metric, it is 
natural to try to relate ugk{J) to the scalar curvatures of the corresponding 
Hermitian structure {J,g), {J*“,g). Henceforth, let (M,w,T) a compact sym- 
plectic toric manifold of real dimension 4 with moment map /i : M —>■ A C t* and 
consider J € DGK^{M) of the form (fTKll with respect to angular coordinates 
P on M. 

Recall that given an almost Hermitian structure {g, J) on M with Chern 
connection V, the induced Hermitian connection V on the anticanonical bundle 
/\^(T^’°M) has curvature ® Id where the real 2-form is called 

the Chern-Ricci form of the almost Hermitian structure. The Hermitian scalar 
curvature of the almost Hermitian structure is 


u = 


AF 


(50) 


where F = gJ. If J is integrable, V is the Chern connection on the anticanonical 
bundle relative to the induced Hermitian metric and its natural holomorphic 
structure, and the Ricci-Chern form admits the following local expression: 

= -^dd‘' log det{gij), (51) 

where gij are the components of g relative to local holomorphic coordinates. 
Since the metric g coming from a generalized Kahler structure of symplectic type 
(J+, J-,g, h) is Gauduchon (cf. section lOTl . the Hermitian scalar curvatures u± 
of the Hermitian pairs (( 7 , J±) are related to the Riemannian scalar curvature s 
of g by the Lee forms |20| : 

u±= s + ]^\e±\^. (52) 


In particular, since |0+|= \0-\, = u_, a common function which we denote 

by uj and refer to as the Hermitian scalar curvature of the generalized Kahler 
structure. 

The following technical lemmas will be used in the proof of Theorem [T^] 
below. In proving them, we shall make use of formulas (l4T]) - (l46l) as well as the 
relation 


V 


g 


det S 
det 4'^ 


( 53 ) 


between the volume forms induced by g and co respectively. 


Lemma 5. The matrix S satisfies the identity 


2 2 

Y,{detS)S% = -^(det5),,F*^ j = 1,2. 

2 = 1 2=1 
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Proof. It suffices to differentiate the identity (det5')5 ^ = CSC 
2 2 2 2 




2 = 1 


2 = 1 


But ^ CiaSai,^ = tT{CS^p) which vanishes since C is antisymmetric and 

2 ,Q' = 1 

is symmetric. □ 

Lemma 6. For the angle function p = —|■tr(JJ*“) and the Lee form 6 of the 
Hermitian pair (w, J), we have: 


Ap=j2 


2 c^ 


^ (det^')" 
2,7 = 1 ^ ' 


(det^).., - ^(det5).,(det5),, ) 5*^ 


1 ^, 2 ^ c^(det5'),,(det 5'),^ 

' ' {det'HydetS ■ 

Proof. Using identity (I46|l . we compute 

- 2 c 


dp = 


(det d/)' 


■ y^(det S)pdp''. 


We have 


=s^^^dr A dp^ A dr + s^^^dp^ A dr a dr 

det^- det 4' 

+ Siidp^ A dp^ A dr + S2idp^ A dt^ A dp^. 

Thus, using the formula from Lemma [51 


Ap = — * d 


2 c^ 


det S 


det^* 


A dp"^ A dr + S'^^'dp^ A dt^ A dr) 


i,j=i 


(det 


((det5).., - ^(det5).,(det5).,^*d 

i,j=l ^ ^ 


det S 
det 


fa;- 


The desired formula then follows from (|53l) . To compute we use the result 
from [5] (Lemma 7) according to which dp = |[J, Leaning on (1401) . we 

easily show that [J, J*“]^ = 4(p^ — l)Id, which allows us to solve for 9 in the 
preceding formula: 



-[j^r-Ydp. 


(54) 
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Using the fact that [J, J*“] is ^-antisymmetric, we compute 


\ef 


(det 
det S 


\dpf= y: 

j.j=i 


(det 'I')2 det S 


(det5'),i(det5')j5*U 


□ 

Theorem 12. Let (M, u;,T) be a compact symplectic toric manifold of real 
dimension 4 with moment map /i : M —^ A C t*. Consider J G DGK'^{M) of 
the form (USD with respect to angular coordinates P on M (cf. Proposition 
and let g be the symmetric part of uj{-,J-). The Hermitian Ricci form of the 
Hermitian structure {g, J) is given on M by 

log det S + dd‘^ log det 4', 

where 4* = S+C is the decomposition 0/4* into its symmetric and antisymmetric 
part. The Hermitian scalar curvature of the generalized Kdhler structure J is 

“J = - E ^ 

^-P 

where p is the angle function (cf. Lemma\^ and where [J, J*“] is seen as a 
2-form by means of the metric g. 

Proof. We shall compute uj from (l50l) and p'^ from (ISTIl . In terms of the local 
holomorphic coordinates , P ) from Proposition [21 we have 

2 Hpf ^ ^ 

5 = ^ ((4'-i)^S'4'-i)y dM* 0 du^ + ^ 0 dP, 

ij = l ij = l 


whence y/det{gtj) = and so 

logdet S' -I- logdet 4', (56) 

4p^ A F ddd'^ log det A F 2dd‘^ log det S A F 
~ FAF ~ F AF FAF ' 

To devellop the first term, we use the general formula (det A)' = (det A)tr 

for the t-derivative of the determinant of a non-singular matrix A = Ait). In 

particular, 

2 

(logdet 4'),i = ^ 4'“'^4'/3„,i, 

a,/9—1 
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which yields 


dd’^ log det = E ((logdet^'),,^'*^) ^dfi^ A dt^ 

i,j,k—l 

2 

= ^ Adt^ 

i,j,k,a,0—l 

2 

= - dfi’^Adt^ 

i,j,k,0',^—l 

= - E 

i,j,k—l 


For the second equality, we have used the fact that = Sai 3 ,i = Sai,p = 

ai,p (since S' is a Hessian), and also the identity 

2 2 

Y = - E 

2^1 

obtained by differentiating vj/xj/-! = / with respect to par Finally, note 
that F is the ( 1 , 1 ) part of u> with respect to J. And since /\^’^ = = 0 in 

dimension 4 , we have 


dd^ log det dt A F = dd‘^ log det xh A w 


1 

2 


2 

/ det S 

^ V det 4> 

XJ = 1 


di 


U! Auj. 


Using F A F = gfff w A w, we obtain 


Md^ log det xh A F 
FAF 


p detd' A / detS 
detS ^ Vdetd- J 


For the second term, we proceed as follows. 


ddAogdetS 


E 

i,j,k—l 


( (det>g).x ^.A 
V det S J 


d^^ A dF , 

,k 


so 


— 2 dd’^ log det S A F 
FAF 


detxh /— 2 d(i''^logdetSAw 
det S \ uj Auj 


detail f (detS),i,^,„- 

dSs U 

*J =1 
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But, here also, we have — gST^ 


E 

*,i=i 


/ (det S)^i (det S)^ij ^ ^ 

I det S' / , “ det S ^ 


(det S),^(det S)j ^ ^ ^ 


^ J i,j=l 

SO using the identity from Lemma [SJ 


*.i=i 


(det Sy 


—2dd‘^logdetSAF det'h /(detS)_ 


FAF 


det S 


■S' 

*j=i ^ 


det dl 


IS^j 


det \E' 
det S 


We thus obtain 


uj = 


det \E' 
detS 

det \E' 
detS 


E 


2 


E - 


* j=i 


det S 
det^* 

/ detS 
Vdet d' 


Sd 


- 3 


E 

®,t=l 


det S 


det S 
det dl 


S*/ 


S*/ 


det d) ’® 


det S 
det^* 


Ai - 2 


det S 
det dt 


Sd 


= E -s'A -+ yyv>e. 

* j=i 


-p 1 -p 


(57) 


by using Lemma [S] on the middle term of the second expression. Finally, we 
invoke formula (26) from which reads 

Ap = 2p\0y+ury,d0) 

to land on the announced formula. □ 


Corollary 6. The generalized Hermitian scalar curvature of J admits the fol¬ 
lowing expression (which depends only on J and oj) 


ugk{J) = uj 

Alternatively, we may write 


4- 2p 

1 -p 


\0y+ 


2{[J,J*y,d0) 

1 -p 


UGk{J) = Sg + 


2Ap 

1 -p 


1 / 4 + 2p 

1 — p^ V 1 ~ p 



(58) 


where Sg is the scalar curvature of the associated Riemannian metric g = 


Proof The first expression is obtained trivially by comparing formula (|55l) with 
the definition of ugk{J)- The second expression is obtained similarly from (I57II 
by using (l5^ as well as the identity 

W=Y^\dp? (59) 

1 — p^ 

which one deduces from (IMl) . □ 
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Remark 11. In m a notion of generalized scalar curvature depending on an 
arbitrary function ip G and valid in all dimensions is invented. This 

expression takes the following form ([IT] p.22): 

GS''^(J) = Sg + 4A(^ - 

In dimension 4, we have shown in Lemma[3]that db = *9 and so |6*P= (1 — 

p^)~^\dp\^ (by (l59)) l. Comparing with (|58)l . we conclude that GS^{J) = ugk{J) 
if and only ii (p = — ^ log(I —p), which suggest a prefered choice for the function 

(p of [T7] . 


References 

[1] M. Abreu, Kahler Geometry of Toric Varieties and Exremal Metrics, In- 
ternat. J. Math., 9 (1998), 641-651. 

[2] M. Abreu, Kahler Geometry of toric manifolds in symplectic coordinates, 
in ’Symplectic and Contact Topology: Interactions and Perspectives’ (eds. Y. 
Eliashberg, B. Khesin and F. Lalonde), Fields Institute Communications 35, 
American Mathematical Society, 2003. 

[3] V. Apostolov, M. Gualtieri, Generalized Kaehler manifolds, commut¬ 
ing complex structures, and split tangent bundles. Comm. Math. Phys. 271 
(2007), 561-575. 

[4] V. Apostolov, D. Calderbank, P. Gauduchon, G. Tonnesen- 
Friedman, Hamiltonian 2-forms in Kaehler Geometry II: Global Classifi¬ 
cation, J. Differential Geom. 68 (2004), 277-345. 

[5] V. Apostolov, P. Gauduchon, G. Grantcharov, Bihermitian struc¬ 
tures on complex surfaces, Proc. London Math. Soc. 79 (1999), 414-429 + 
Erratum in Proc. London Math. Soc. 92 (2006), 200-202. 

[6] M. Atiyah, Convexity and commuting Hamiltonians, Bull. London Math. 
Soc. 14 (1982), 1-15. 

[7] A. Banyaga, Sur la structure du groupe des diffeomorphismes qui preser- 
vent une forme symplectique. Comm. Math. Helv. 53 (1978), 174-227. 

[8] E. Calabi, Extremal Kahler metrics. Seminar of Differerential Geometry, 
ed. S.T. Yau, Annals of Mathematics Studies 102, Princeton University Press 
(1982), 259-290. 

[9] B. Ghen, A.-M. Li, L. Sheng, Extremal metrics on toric surfaces, 
arXiv: 1008.2607 

[10] C. Goimbra, C. Strickland-Constable, D. Waldran, Supergravity 
as Generalized Geometry I: Type II Theories, Jour. High Energy Phys. 91 
( 2011 ) 


38 


[11] T. Delzant, Hamiltoniens periodiques et image convexe de I’application 
moment, Bull. Soc. Math. France 116 (1998), 315-339. 

[12] S. K. Donaldson, Remarks on gauge theory, complex geometry and 4- 
manifold topology, Fields Medallists’ lectures, 384-403, World Sci. Ser. 20th 
Century Math., 5, World Sci. Publishing, River Edge, NJ, 1997. 

[13] S. K. Donaldson, Scalar curvature and stability of toric varieties, J. 
Differential Geom. 62 (2002), 289-349. 

[14] S. K. Donaldson, Constant scalar curvature metrics on toric surfaces, 
GAFA, Geom. func. anal. 19 (2009), 83-136. 

[15] N. Enrietti, a. Fino, G. Grantcharov, Tamed symplectic forms and 
generalized geometry, J. Geom. Phys. 71 (2013), 103-116. 

[16] A. Fujiki, Moduli space of polarized algebraic manifolds and Kdhler met¬ 
rics, [translation of Sugaku 42, no. 3 (1990), 231-243], Sugaku Expositions 5, 
no. 2 (1992), 173-191. 

[17] M. Garcia-Fernandez, Torsion-free generalized connections and het¬ 
erotic supergravity. Comm. Math. Phys. 332 (2014) iss. 1, 89-115. 

[18] P. Gauduchon, Structures bihermitiennes en dimension 4, unpublished 
notes. 

[19] P. Gauduchon, Calabi’s extremal Kdhler metrics: An elementary intro¬ 
duction. In preparation. 

[20] P. Gauduchon, La 1-forme de torsion d’une variete hermitienne com- 
pacte, Math. Ann. 267 (1984), 495-518. 

[21] R. Goto, Deformations of generalized complex and generalized Kdhler 
structures, J. Differential Geom. 84 (2010), 525-560. 

[22] R. Goto, Poisson structures and generalized Kahler structures, J. Math. 
Soc. Japan, 61 (2009) no. 1, 107-132. 

[23] M. Gualtieri, Generalized complex geometry, DPhil thesis, Oxford Uni¬ 
versity, 2004. 

[24] M. Gualtieri, Branes on Poisson Varieties, The many facets of geometry, 
368-394, Oxford Univ. Press, Oxford, 2010. 

[25] H. Bursztyn, G. R. Cavalcanti, and M. Gualtieri, Reduction 
of Courant algebroids and generalized complex structures, Adv. Math. 211 
(2007), no. 2, 726-765. 

[26] V. Guillemin, Kdhler structures on toric varieties, J. Differential Geom. 
40 (1994), 285-309. 


39 


[27] V. Guillemin, Moment maps and Combinatorial Invariants of Hamilto¬ 
nian -spaces, Progress in Mathematics 122, Birkauser, Boston, 1994. 

[28] V. Guillemin, S. Sternberg, Convexity properties of the moment map¬ 
ping I, Invent. Math. 67 (1982), 491-513. 

[29] L. Ginzburg, V. Guillemin, Y. Karshon, Moment maps, Cobordisms, 
and Hamiltonian Group Actions, Mathematical Surveys and Monographs 98 
( 2002 ). 

[30] N. J. Hitchin, Instantons, Poisson structures and generalized Kdhler ge¬ 
ometry, Comm. Math. Phys. 265 (2006), 131-164. 

[31] N. J. Hitchin, Bihermitian metrics on Del Pezzo surfaces, J. Symplectic 
Geom. 5 (2007), 1-7. 

[32] N. J. Hitchin, Generalized Calabi-Yau manifolds. Quart. J. Math. Oxford 
Ser. 54 (2003), 281-308. 

[33] N. J. Hitchin, A. Karlhede, U. Lindstrom, M. Roger, Hyperkahler 
Metrics and Supersymmetry, Comm. Math. Phys. 108 (1987), no. 4, 535-589. 

[34] N. J. Hitchin, Lectures on generalized geometry, arXiv: 1008.0973 

[35] S. Hu, Hamiltonian symmetries and reduction in generalized geometry, 
Houston J. Math, 35 (3) (2009), 787-811. 

[36] M. Lejmi, Extremal almost-Kdhler metrics, Int. J. Math. 21 (2010), no. 
12, 1639-1662. 

[37] E. Lerman, S. Tolman, Hamiltonian torus action on symplectic orbifolds 
and toric varieties, Trans. Amer. Math., 184 (1997), 4201-4230. 

[38] Y. Lin, S. Tolman, Symmetries in Generalized Kdhler Geometry, Com- 
mun. Math. Phys. 268, (2006) 199-122. 

[39] M. Pontecorvo, Complex structures on Riemannian four-manifolds. 
Math. Ann. 309 (1997), no. 1, 159-177. 

[40] B. Zhou, X. Zhu, A note on the K-stability on toric manifolds, Proc. 
Amer. Math. Soc. 136 (2008), 3301-3307. 


40 


